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Coverings and Minimal Triangulations of 3—Manifolds

William Jaco, Hyam Rubinstein and Stephan Tillmann

Abstract This paper uses results on the classification of minimaigugations of 3-manifolds
to produce additional results, using covering spaces. dJsirvious work on minimal trian-
gulations of lens spaces, it is shown that the lens spddk 2k — 1) and the generalised
quaternionic spac8®/Qu have complexityk, wherek > 2. Moreover, it is shown that their
minimal triangulations are unique.
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1 Introduction

Given a closed, irreducible 3—manifold, its complexity li@ tminimum number of
tetrahedra in a (pseudo-simplicial) triangulation of themnifold. This number agrees
with the complexity defined by Matveevi[5] unless the manifslS®, RP3 or L(3,1).
The complexity for an infinite family of closed manifolds Hast been given by the au-
thors in [4]. The family consisted of lens spaces having atneral ZZ,—cohomology
class and satisfying an additional, combinatorial coigira

The main idea in the present paper is the following. Suppdsea 3—manifold having

a connected double covevl. A one-vertex triangulationZ, of M lifts to a 2—vertex
triangulation, .7, of M. Because there are two vertices, the lifted triangulatiolh wi
in general, not be minimal. One may choose an e@g@iring the two vertices. If
certain hypotheses applg,and the tetrahedra incident with it can @reishedto form

a new one-vertex triangulatio?* of M. If t(& denotes the number of tetrahedra
incident with€, thenc(M) < 2|.7| —t(&). If the complexity ofM is known, this line
of argument can be used to show that a given triangulatiovi afust be minimal. The
weakest general bound resulting from this approach iscstaow:
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Proposition 1 LetM be a closed, orientable, connected, irreducible 3—mahiéotd

supposeM is a connected double cover . If c(M) > 2, thenc(M) < 2c¢(M) —3.

This paper determines the minimal triangulations of theifolfs for which equality
holds. This is based on previous work [4], where it was shdwatlt(2k,1) has com-
plexity 2k— 3. The lens spack(2k, 1) double covers both the lens spdadek, 2k— 1)
and the generalised quaternionic sp&£Qux, wherek > 2.

Proposition 2 LetM be a closed, orientable, connected, irreducible 3—mahiéotd
supposeM is a connected double cover W. If c(M) =2 c(M) — 3, then either

(1) M=SandM = RP3, or
(2) M =L(2k,1) for somek > 2 andM has a unique minimal triangulation and is
the lens spack(4k,2k — 1) or the generalised quaternionic sp&S¢Qu.

It should be noted that the proof does not use the fact thahthenal triangulation of

L(2k,1) is unique; the uniqueness part follows from the fact thasehteiangulations
are shown to be dual to one-sided Heegaard splittings. Wedesaribe the unique
minimal triangulations in an alternative way.

Recall from [3] that each lens space has a uniauieimal layered triangulatiorand
that this is conjectured to be its unique minimal triangolat The minimal layered
triangulation of the lens spadg4k, 2k — 1) hask tetrahedra. (The main result inl [4]
does not include these lens spaces.)

Following Burton [1], alayered chainof length k, denotedCy, is defined to be a
certain triangulation of the solid torus with four bounddages andk tetrahedra. A
suitable identification of the boundary faces@f results in thewisted layered loop
triangulation Cy of S*/Qu.

Corollary 3 For everyk > 2, L(4k,2k — 1) and S*/Qu have complexityk. The
unique minimal triangulation df(4k,2k — 1) is its minimal layered triangulation and
the unique minimal triangulation & /Qu is its twisted layered loop triangulation.

This implies that for every positive integér there is a closed, orientable, connected,
irreducible 3-manifold of complexiti. SinceS®, L(4,1) andL(5,2) have complexity
one, we in fact have:

Corollary 4 For every positive integéy, there are at least two spherical 3—manifolds
of complexityk.

The first author is partially supported by NSF Grant DMS-@&@%and the Grayce B.
Kerr Foundation. The second and third authors are parsaipported under the Aus-
tralian Research Council’s Discovery funding scheme gmtojumber DP0664276).
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Figure 1: The compleX; ;= solid torus

2 Lifting and crushing

We use the same notation asin [4] for triangulations andHerstandard models of
low degree edges in minimal triangulations.

Lemma5 Suppose that the minimal triangulation of the closed, orientable, con-
nected and irreducible 3—manifol is lifted to a triangulation7 of a connected
double cover. Assume(M) > 4. Then every edge which connects the two distinct
vertices in7 and which is contained in at most three distinct tetrahesleontained

in precisely three tetrahedra. Moreover, its imageZinis modelled on the edge of
degree four in the compleX..

Proof Sincec(M) > 4, we haveM # S*,RP3 L (3,1) and .7 is also 0—efficient and
has a single vertex. Henc& has precisely two vertices. Denogeaf edge in7
with distinct endpoints. Supposeis contained in at most three tetrahedra. Then the
same is true for its image in .7. Moreover, there is a non-trivial homomorphism
¢: m (M) — ZZ, associated with the covering, agde] = 1.

First note that if the degree @ is at most five, then inspection of the possibilities
stated in[[4] —keeping in mind thap[e] = 1, ¢c(M) > 4 ande is incident with at
most three tetrahedra— yields the possibilités,, X;.5, X5 and XZ;. Recall that
t(&) denotes the number of tetrahedra incident vt e last two possibilities force
t(&) > 3, a contradiction. In case itis modelled ¥,, one observes thatis of degree
five and contained in precisely four tetrahedradn a contradiction. This leaves the
complex X5 shown in Figuré]l in this case. Eithex{e] = ¢[e;] = dp[es] = 1 and
ples] = dples) =0 or ¢l = pes] = ples] = 1 and §[ey] = P[es] = O, where the
subscript corresponds to the number of arrows.

It remains to analyse the possibilities whdfe) > 6. We make some preliminary
observations that limit the number of cases to considerceSih # S* and .7 is 0—
efficient, it follows that no face in7 is a cone([2] or a dunce hatl/[4]. In particular,
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Figure 2: The possibilities fop=t(e) N o

if o is a 3-simplex inﬁ, then p~1(e) N o consists of at most four edges, and the
possibilities (up to combinatorial equivalence) are shanvRigure[2. Note that type
3b is not possible, since-41+ 1 +# 0 in ZZ,. For each tetrahedron of type 2a, 3a or
4, we have that each of its two lifts t&" is incident with€. For each of the others, at
least one of the lifts is incident with. ~

Sincec(M) > 4, at least one face of the tetrahedra incident vatdoes not haves
as an edge. So at least one of the tetrahedra is of type 1 oriRee Be) > 6, the
only case with two tetrahedra is (2a,4); this is not possalsiéhe faces incident wite
cannot be matched in pairs. In case there are three teteghrexitetrahedron can be of
type 2a, 3a or 4 as otherwi$€8) > 3. This leaves no possibility wheti(e) > 6. O

If M has complexity 2 or 3 an#l is a connected double cover M, then the in-
equalityc(M) < 2¢(M) —3 holds by inspection of the censusof [1]. To streamline no-
tation, we will list the possibilities agM,c(M);M,c(M)}. They are:{S3,1; RP3, 2},
{L(3,1),2;L(6,1),3}, {L(5,1),2;L(10,3),3} and the casek = 2,3 in the families
{L(2k,1),2k — 3;L(4k,2k — 1),k} and {L(2k,1),2k — 3;S®/Qu,K}.

Propositior 1L is implied by this discussion and the follogvin
Proposition 6 Suppose that the minimal triangulatia#i of the closed, orientable,

connected and irreducible 3—manifditl is lifted to a triangulation7 of a connected
double cover, and thafM) > 4.



Then every edge connecting the two distinct verticegitis contained in at least three
distinct tetrahedra and can be crushed. In particuld,jsfsuch an edge, then

c(M) < 2¢(M) —t(8) < 2¢(M) — 3,

wheret(8) is the number of tetrahedra incident wéh

Proof Sincec(M) > 4, .7 is O-efficient with a single vertex, and hencg has
precisely two vertices. Let be an edge inZ with distinct endpoints. It follows from
Lemma[® that(€) > 3. As in [2], we can cruste and the surrounding tetrahedra to
form a one vertex triangulation triangulation Mf, so long as there are no inadmissible
gluings on the boundary of this set of tetrahedra. That theways the case follows
from the fact that the two ends efare the two verticesy andV, of the triangulation.
So any edgeg "in a face f containing€ cannot be glued to the third edge 6f f,
since if€ has ends at,v then€* has ends at,v and vice versa. Moreover, neither ~
nor & can be glued t@ Since otherwise the image dfin .7 is a cone or dunce hat
which impliesM = S® since .7 is O—efficient (se€ 2] Corollary 5.4 arld [4] Lemma 7).
Hencee'can be crushed and we hasgM) < 2c(M) —t(&) < 2c(M) — 3. O

Proof of Proposition[2 Suppose the hypothesis of the proposition is satisfied. If
c(M) < 3, the statement follows from the discussion preceding Pibpn&. Hence
assumec(M) > 4 and choose a minimal triangulatioyy, of M. Then every edge
connecting the two vertices,andV, of 7 can be crushed. Since we stipulate equal-
ity, it follows that every such edge is contained in pregigbkee distinct tetrahedra.
Hence its image under the covering map is contained in at theest distinct tetrahe-
dra in 7. Denotee the image in.7 of an edge in connecting the two vertices. It
follows from Lemmd.b that is of degree four and its neighbourhood is modelled on
X4.3. Note that each of its liftsg "to .7 also has its neighbourhood modelled ;.
Moreover, each tetrahedron incident wahhas precisely one edge with both ends at
v and one with both ends a&t. Since each tetrahedron also contains other edges than
& connecting the two vertices, this propagates and one abséhat in.7 there is
precisely one edge with both endswvaind precisely one edge with both endsvat
Moreover, there is a normal surfacg, made up entirely of quadrilateral discs which
is the boundary of a neighbourhood of each of these edgese Biris orientable, this
implies thatSis a torus. (Alternatively, observe th&tis separating and has vanishing
Euler characteristic since all vertices in the cell decositigm of S by quadrilateral
discs have degree four.) Whenbeis a lens space. Moreovef] contains a quadri-
lateral surface which is double covered by the torus and wutide Z,—cohomology
class. It hence is a Klein bottle and incompressible. Inigaer, the triangulation7

is dual to a 1-sided Heegaard diagram.



The regular neighbourhood of the Klein bottle is homeomiarpb the twistedl —
bundle over the Klein bottle, and its boundary is hence astords in [7], choose
generatorsa, b for the Klein bottle such tha&, b? correspond to standard generators
for the boundary torus. Thel is obtained by attaching a solid torus with meridian
disc corresponding to the cunk@™a" for somem andn. The dual triangulation has
precisely one tetrahedron for each intersection point eftbundary of the meridian
disc. The minimal number of such points risn and there is a unique curve up to
isotopy which realises this. Henc# is the unique minimal triangulation .

Moreover, the coveM can now be identified ak(2mnx), wherex = 1—2np =
—1-2mq where(p,q) are chosen such than— gm= 1. Note thatM is not uniquely
determined by this. However, we know by assumption t{a{2mn x)) = 2mn— 3.
This forcesx = 1, since otherwise(L(2mnx)) < 2mn— 3 as can be seen from the
number of tetrahedra in the minimal layered triangulatiér @mn x), see[3]. But
thenn=1 orm= 1, which gives the conclusion of the proposition. O

Proof of Corollary Bl Itis shown in the above proof that for eveky> 2, S*/Qu and
L(4k,2k — 1) have a 1-sided Heegaard diagram with preciselgtersection points,
and hence a triangulation having precisklietrahedra. The statement of the corollary
holds fork = 2,3,4 by inspection of the census In [1]. Hence asswme5. Then, by
inspection of the census, we hastS®/Qu) > 4 andc(L(4k,2k— 1)) > 4.

Suppose a minimal triangulation &f4k, 2k — 1) or S*/Qu has at mosk — 1 tetrahe-
dra. Lifting to the double covering(2k,1), we get the triangulation:/ﬁvwith two ver-
tices and at mostk2- 2 tetrahedra. Propositiéh 6 implies that any edge conrgttia
two vertices can be crushed and must belong to at least thirednédra. So crushing
such an edge gives a one-vertex triangulatioh @k, 1) with at most X —5 tetrahe-
dra, giving a contradiction to the fact thiat2k, 1) has complexity R— 3. Hence both
L(4k,2k — 1) and S*/Qq« have complexityk and the manifolds satisfy the hypothesis
of Propositior 2.

The unique minimal triangulations have been describedhéaltial 1-sided Heegaard
diagram; the alternative descriptions stated in CorofBaaye given in the next subsec-
tions. |

2.1 The minimal layered triangulation of L(4k,2k — 1)

For the lens spac® = L(4k,2k — 1), the minimal layered triangulation7 , is ob-
tained from the minimal layered extension {2k — 1,2k + 1} by folding along 2
see[[3] for details. The sequence of labelings of the lay&tadgulation is:

(2,1,1),(3,2,1),(5,3,2),(7,5,2),(9,7,2),...,(2k+ 1,2k — 1,2).
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Figure 3: The twisted layered loop triangulation

The minimal layered triangulation df(4k,2k — 1) has thereforek tetrahedra, and
hence is the unique minimal triangulation.

2.2 The twisted layered loop triangulation

Note that
My =S¥ /Qu = F((2,1),(2,1),(k, 1—k) ) = F((1,-1),(2,1),(2,1), (k1) ),
the latter being the unique normal form. Moreover,

m(Mi) = Qu = (x,y | xyx L=y 1% = yK).

Elementx has order 4y has order R. The subgrouply) has index two, hence it is
normal, andQs has order K. It follows thatH1(Mk) = ZZ4 if k is odd, andH1 (M) =
Z,dZ, if kis even. The double cover &fly associated to the action ¢f) = ZZy
on $ is a lens space; in fa&®/(y) = L(2k, 1).

The starting point for the twisted layered loop triangulatis the triangulation with
two faces of the annulus shown with labelling in Figlire 3. Edges corresponding
to the two boundary components are dendtéar top andb for bottom and oriented
so that they correspond to the same element in fundamewitaph g he remaining two
edges are; ande,, oriented fromt to b. Tetrahedroro; is layered along, and the
new edge denotees and oriented fromt to b. The annulus is thus identified with two
faces ofagy. Inductively, tetrahedroroy, is layered along edge,, and the new edge
en2 is oriented fromt to b. Assumek tetrahedra have thus been attached # O
we have an annulus, K= 1 a creased solid torus andkf> 2 a solid torus. Denote
the resulting triangulatiocy.

Then the two free faces of tetrahedrop in Cy are identified with the two free faces
of tetrahedrono; such thatoy is layered alongs; with e «— —ex. 1, €& «— —ex 2 and

7



t < —b. The resultis a closed 3—-manifold, denotéd, and the triangulation, denoted
Cx is termed itdwisted layered loop triangulation

The following result can be found in Burton’s thesis| ([1],€Bnem 3.3.11).

Proposition 7 (Burton) Foreachk > 1,

My = S'3/Q4k = 82( (27 1)7(27 1)>(k>l_ k) )

Proof Place a quadrilateral in each tetrahedron separating édgedb. This gives
a one-sided Klein bottleS;, in My, and M\ S; is a solid torus with cor¢ = —b.
We thus have a one-sided Heegaard splitting of non-orieganus two. Work in [[7]
by the second author identifies such manifolds using thediaeriof My \ S;, giving
My = S*/Qu. It is shown by Orlik [6] thatS®/Qa = $*( (2,1),(2,1),(k,1—k) ). O
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